We study scalar and electromagnetic perturbations of a family of nonsingular nonrotating black hole spacetimes that are solutions in a large class of conformally invariant theories of gravity. The effective potential for scalar perturbations depends on the exact form of the scaling factor. Electromagnetic perturbations do not feel the scaling factor, and the corresponding quasinormal mode spectrum is the same as in the Schwarzschild metric. We find that these black hole metrics are stable under scalar and electromagnetic perturbations. Assuming that the quasinormal mode spectrum for scalar perturbations is not too different from that for gravitational perturbations, we can expect that the calculation of the quasinormal mode spectrum and the observation with gravitational wave detectors of quasinormal modes from astrophysical black holes can constrain the scaling factor and test these solutions.
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I. INTRODUCTION
Despite the successes of Einstein's gravity to explain a large number of observational data [1] , there have been many attempts to find and study alternative theories of gravity. An important problem in Einstein's gravity is the presence of spacetime singularities in physically relevant solutions. At a singularity, predictability is lost and standard physics breaks down. An attractive possibility to solve the singularity problem is represented by the family of conformally invariant theories of gravity [2] [3] [4] [5] [6] .
In the context of gravity theories, conformal invariance means that the theory is invariant under a conformal transformation of the metric tensor; that is
where Ω = Ω(x) is a function of the spacetime coordinates. Einstein's gravity is not conformally invariant. However, it can be made conformally invariant by introducing the auxiliary scalar field φ (dilaton) as follows:
Another example of the four-dimensional conformal theory of gravity is
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Einstein's gravity is invariant under general coordinate transformations. We say that a metric is singular when its singularities cannot be removed by a coordinate transformation. Otherwise, we speak about "coordinate singularities", which are not true singularities of the spacetime, but only an artifact of the coordinate system. Conformally invariant theories of gravity are invariant under both general coordinate transformations and conformal transformations. The key point is that it is always possible to remove a singularity with a suitable family of conformal transformations [7] . This means that, strictly speaking, conformally invariant theories of gravity are free from spacetime singularities: all observable quantities are independent of the choice of the conformal factor Ω, and the "singularity" is not real because it can be removed by a conformal transformation. However, the Universe around us is not conformally invariant. Conformal invariance must be broken, and one possibility is that it is spontaneously broken. In such a situation, Nature must (somehow) select one of the vacua. In the broken phase there are singular and regular metrics, which have different physical properties because there is no conformal symmetry any longer, and we assume that Nature has a mechanism to select a metric in the class of the regular ones. In this paper we are thus interested in the phenomenology of the regular metrics in the broken phase.
Singularity-free, nonrotating and rotating, black hole solutions in conformal gravity were found in [7, 8] . These solutions are geodetically complete because no massless particle can reach the center of the black hole with a finite value of the affine parameter, and no massive particle can reach the center of the black hole in a finite proper time. These solutions are also singularity-free with respect to the curvature invariants, like the Kretschmann scalar, which are everywhere finite in the spacetime. Note also that conformal invariance is preserved at the quantum level in any finite (i.e. without divergences) quantum field theory of gravity [9] .
In the present paper, we continue the study of the singularity-free black hole metrics of Refs. [7, 8] . Here, we are interested in possible observational properties that could be exploited to check whether the metric around astrophysical black holes is described by the Kerr solution of Einstein's gravity or by the singularity-free metrics of conformal gravity found in [7, 8] . There are two approaches to probe the geometry of the strong gravity region of black holes: with electromagnetic radiation [10, 11] and with gravitational waves [12] . In Ref. [13] , one of us studied the possibility of testing these metrics with the former approach, and in particular with the reflection spectrum of accretion disks. In the present paper, we explore the opportunities offered by gravitational waves.
As a preliminary work, we only study scalar and electromagnetic perturbations. We find that scalar perturbations are sensitive to the exact form of the scaling factor. Assuming that the quasinormal mode spectrum for scalar perturbations is not too different from that for gravitational perturbations 1 , we can expect to be able to constrain the scaling factor from the observations of quasinormal modes from astrophysical black holes. In the case of electromagnetic perturbations, the equations do not depend on the scaling factor. This is probably related to the conformal symmetry of the Maxwell equations. The result is that the nonsingular black holes and Schwarzschild black holes have the same quasinormal mode spectrum for electromagnetic perturbations.
The content of the paper is as follows. In Section II, we briefly review the singularity-free non-rotating black hole solutions of conformal gravity discussed in [7, 8] . In Section III, we present the key equations for the study of scalar perturbations. In Section IV, we do the same for electromagnetic perturbations. In Section V, we present the numerical results of scalar perturbations in the singularity-free non-rotating black hole background. Summary and conclusions are reported in Section VI. Throughout the paper we use natural units in which c = G N = 1 and a metric with signature (− + ++).
II. NONSINGULAR NONROTATING BLACK HOLE METRIC IN CONFORMAL GRAVITY
The line element of the family of singularity-free nonrotating black hole spacetimes in conformal gravity is given by [7, 8] 
where ds 2 Schw is the line element of the Schwarzschild metric in Schwarzschild coordinates
1 This assumption is a valid approximation in Einstein's gravity and we expect that the same is true here for a preliminary study such as the present work. The dominant modes are sensitive to the form of the potential, in particular at its maximum. Our potential reduces exactly to that of Schwarzschild for L = 0, so it should not be too different considering that L/M < 1.2, the maximum of the potential is at r ≈ 3M , and deviations from Schwarzschild enter as L 2 /r 2 (see next section for more details).
and S(r) is the scaling factor
In Eq. (7), N = 1, 2, 3, ... and L is a new scale. L may be expected to be either of order of the Planck scale or of the order of M , because these are the only two scales of the system. If L is of the order of the Planck scale, deviations from the Schwarzschild metric are negligible in the case of astrophysical black holes of at least a few Solar masses, and we can unlikely test these metrics. In the rest of the paper we will thus assume that L is of the order of M , so that we can hope to be able to distinguish these solutions from the Schwarzschild metric with observations. The metric in Eq. (4) is singularity-free in the sense that it is both geodetically complete and the curvature invariants (e.g. the Kretschmann scalar) are finite everywhere in the spacetime. Geodesic completion is realized because massless particles cannot reach the center for a finite value of the affine parameter and massive particle cannot reach the center in a finite proper time. For more details, see Ref. [7] . The formation of these singularity-free black holes from gravitational collapse was studied in Ref. [14] , while the energy conditions of these spacetimes were studied in Ref. [15] .
III. SCALAR PERTURBATIONS
In this section, we briefly study the scalar perturbations of the regular nonrotating black hole spacetimes in conformal gravity of Eq. (4). As pointed out in [16] , if there is no backreaction on the background, the perturbations of black hole spacetimes can be studied not only by adding the perturbation terms into the spacetime metric, but also by inducing fields to the spacetime metric.
The equation of motion of the massless scalar field Φ in curved spacetime is given by the covariant Klein-Gordon
where the wave function Φ is a function of the coordinates (t, r, θ, φ). In order to separate the variables in the KleinGordon equation, we choose the wave functions as
where Y m ℓ (θ, φ) is the so called spherical harmonic function of degree ℓ and order m, related to the angular coordinates θ and φ. We can thus write the wave equation for the scalar field as
where x is the "tortoise" (Regge-Wheeler) coordinate. It is related to the radial coordinate by
(
The potential V 0 is defined as
where, here and in what follows, the prime " ′ " stands for the derivative with respect to the radial coordinate r. The potential (12) vanishes, V 0 → 0, at infinity, r → ∞, and at the event horizon, r = 2M . Fig. 1 shows the behavior of the effective potential for scalar perturbations for different values of its parameters. It is well known that the multipole number ℓ increases the height of the potential. It is known from the paper [13] that, if we assume L ∝ M and N = 1, then astrophysical observations require L/M < 1.2. One can see from Fig. 1 that, increasing the value of the parameter L in the range of L/M < 1.2, the height of the potential slightly decreases, while the degree N increases slightly the height of the potential.
IV. ELECTROMAGNETIC PERTURBATIONS
In this section we present the electromagnetic perturbations in the regular non-rotating spacetime in conformal gravity of Eq. (4). The source-free electromagnetic field in curved spacetime is governed by Maxwell's equations
where the electromagnetic tensor F µν is defined by the electromagnetic potential A µ as
Maxwell's equations in the background (4) are written in the form:
In spherically symmetric backgrounds, the electromagnetic potential A µ can be expanded in 4-dimensional vector spherical harmonics as [17, 18] 
where the first and second terms have (−1) ℓ+1 (axial components of the expansion) and ( −1) ℓ (polar components the expansion) parities, respectively.
A. Axial electromagnetic perturbations
The non-vanishing components of the electromagnetic tensor (14) of the axial components of the 4-potential (16) are given by
From the relation F µν = g αµ g βν F αβ , we calculate the nonvanishing components of F µν
Now, plugging the expressions in (18) into Eq. (15), for the cases of µ = θ and µ = φ we obtain the same equation
Here, introducing the tortoise coordinates (11) and considering a ℓm (t, r) = Ψ 1a (t, r) we obtain the wave equation
with the effective potential for the axial electromagnetic perturbations
Note that electromagnetic perturbations do not depend on the scaling factor S. This result is valid for any spherically symmetric black hole metric of the form (5), independently of the exact expression of f , and for any conformal transformation.
B. Polar electromagnetic perturbations
The non-vanishing components of the electromagnetic tensor (14) of the polar components of the 4-potential (16) are given by
Plugging the expressions in (23) into Eq. (15) we have three independent second order differential equations:
and µ = θ and µ = φ give the same equation
Again we have differential equations which are independent from the conformal factor S, i.e., Eqs. (24)- (26) correspond to the ones for the any spherically symmetric black hole spacetimes in the form (5). This indicates that polar electromagnetic perturbations also do not depend on the conformal factor S.
Since the derivation of the single, the second order differential master equation from Eqs. (24)- (26) has been presented several previous works (for example, see -Refs. [17, 18] and references therein.), we just briefly present the "guidance". There are several methods of deriving the master equation. For instance 3 , by introducing the new variable
and substituting (27) into Eqs. (24) and (25), and differentiating them with respect to r and t, respectively, and finally summing up them, one obtains the master equation
Finally, defining Ψ 1p (t, r) = p ℓm (t, r) and introducing the tortoise coordinate (11) , one arrives at the equation
with the effective potential for the polar electromagnetic perturbations
Thus, the axial and polar modes of electromagnetic perturbations are described by the same effective potentials which are independent on the conformal factor S, as presented in (21) and (30) . While we do not have any general proof, it is likely 3 Another way of the derivation of the master equations is introducing the new variable
and substituting it into Eq. (26) .
that this is due to the conformal symmetry of the vacuum Maxwell equations. The effective potentials for scalar (12) and electromagnetic (21), (30) perturbations can be written in a compact form as
where s = 0 and s = 1 represent scalar and electromagnetic perturbations, respectively.
V. NUMERICAL RESULTS

A. Evolution of the scalar perturbation
In order to study the evolution of the scalar perturbations in the non-singular non-rotating black hole spacetimes of conformal gravity, we rewrite the wave equation for the propagation of scalar perturbations (10) in the so called light cone coordinates
Thus, Eq. (33) can be integrated numerically. We follow the method that was derived in [19, 20] for the discretization of the wave function. Some illustrative time domain profiles of scalar perturbations for different values of the characteristic parameters of the spacetime are given in Fig. 2 . The right panel of Fig. 2 shows that quasinormal modes with the larger value of the multipole number ℓ live longer than those with smaller ℓ, i.e., the imaginary part of the quasinormal frequencies decreases as the value of the multipole number ℓ increases. Fig. 2 shows that, if we increase the value of the parameter L in the range L/M < 1.2 (L/M > 1.2 is excluded by X-ray data [13] ), the damping rate (imaginary part of the quasinormal frequency) of scalar perturbations increases.
Last, we note that, assuming L/M < 1.2, changing the value of N does not affect much the evolution of the perturbations. On the contrary, for the larger values of L the scalar perturbations lives longer as the value of N increases. Fig. 2 also shows that the quasinormal ringing of the perturbations are followed by the late-time tail, i.e, a power-law falloff of the perturbations. This is typical of any perturbative field in a black hole spacetime. One can see from the left and middle panels of Fig. 2 that the power-law tails are parallel for different values of the parameters L and N and, therefore, the asymptotical decay laws are independent of the black hole parameters L and N . These tails depend only on the multipole number, ℓ, (the right panel of Fig. 2) as typical of perturbations evolution in asymptotically flat spacetimes
B. Late-time tails and stability
Therefore, the power-law tails of the perturbations with higher multipole number, ℓ, decay faster than those with smaller ℓ. One of the main results of our paper is that the spherically symmetric non-singular black hole spacetime in conformal gravity is stable against scalar and electromagnetic perturbations. We came to this conclusion from the facts that the effective potentials for the scalar and electromagnetic perturbations (31) are positive definite everywhere of the spacetime and, therefore, the differential operator
is a positive self-adjoint operator in the Hilbert space of square integrable functions of x. Therefore, all solutions of the perturbative equations of motion with compact support initial conditions are bounded.
C. Quasinormal frequencies
One of our main goals in this paper is to study the quasinormal modes and the stability of the perturbations in our non-singular non-rotating black hole spacetime in conformal gravity. Here we mainly focus our attention on scalar perturbations, since electromagnetic perturbations do not depend on the conformal factor, with the result that they are the same as those in the Schwarzschild black hole spacetime. The electromagnetic perturbations of Schwarzschild black holes have been already studied by the several authors (see -Refs. [21] [22] [23] [24] and references therein).
To calculate the quasinormal frequencies of scalar perturbations one must solve the second order differential equation (10) with the potential (12) in the complex frequency plane, ω = ω r + iω i , where the real part of the quasinormal frequency, ω r , represents the actual oscillations of the perturbation, while the imaginary part of the quasinormal frequency, ω i , characterizes the dissipation of the perturbations. If we write the perturbations as
the wave equation (10) turns into the time independent form as
Eq. (37) can be solved if we know the boundary condition for the wave at the horizon, x = −∞, and infinity, x = +∞. We impose that the wave at the horizon is purely incoming, and that the wave at spatial infinity is purely outgoing: Solving the time independent, second order differential equation (37) with the potential (12) analytically is impossible. Therefore, we use the sixth order WKB method for numerical calculations which is given by the relation
where a prime ("′") denotes a derivative with respect to the tortoise coordinate x, and V 0 stands for the value of the effective potential at its local maximum, r = r 0 . The order of the WKB corrections is denoted as j, and Λ j is the correction term corresponding to the jth order. One can find the expressions of the Λ j terms in [25, 26] . In Fig. 3 and Tabs. I, II and III, we show the dependence of the quasinormal frequencies of scalar perturbations on the characteristic parameters.
In Tab. I we present the fundamental quasinormal frequencies (those with the slowest decay rate) of scalar perturbations as a function of the parameter L and for different values of the multipole number ℓ. ω r and ω i are obtained by using the sixth order WKB method. However, it is well known that the WKB method has low accuracy in the small ℓ regime. Here, to find the quasinormal frequencies for the small values of ℓ we used the direct integration method. One can see from Tab. I that the real part of the quasinormal frequency, ω r , decreases as the value of L increases for the small N . Note that the difference is small for small values of L if the degree N is small (see the left panel of Fig. 4) . On the other hand, the magnitude of the imaginary part of the quasinormal frequency, ω i , remains almost unchanged as the value of L increases when the degree N is small. Therefore, one can say that a small L does not affect much the decay rate of scalar perturbations. The scalar perturbation in the field of the spherically symmetric regular black holes in conformal gravity with small L and N lives shorter on account of the decreased value of the real oscillations and increased value of the damping rate. Moreover, we have also studied the nonfundamental (n > 0) QNMs of the scalar perturbations in the field of the nonsingular spherically symmetric black holes in conformal gravity. In Fig. 5 the general features of these nonfundamental QNMs are illustrated. However, in the case of the large values of the degree N , the effect of L is significant, see Tab. II: ω r and ω i increase rapidly as L increases in the large values of the degree N (see Fig. 4 ). The imaginary part of the quasinormal frequencies are al- ways negative, ω i < 0. The fact that the value of the wave function Ψ(t, x) is bounded also indicates the correctness of the claim that the spacetime is stable against scalar perturbations.
D. Large multipole number limit
It is well known that the WKB method is very accurate for the large multipole numbers. Therefore, in order to calculate the quasinormal frequencies in the large multipole number limits analytically we use the first order WKB method. Moreover, it has been shown in [27] [28] [29] that the quasinormal frequencies are independent of the spin s of the perturbative field. Another method of calculating the QNMs for the large multipole numbers was suggested by Cardoso et al. [30] . They have shown that the QNMs in the large multipole number limit are characterized by circular unstable null geodesics and their instability (Lyapunov exponent) 4 . Calculating the QNMs with these two methods we arrive at the same result
Interestingly, the QNMs of perturbative fields with arbitrary spin s in the non-singular non-rotating black hole spacetime in conformal gravity do not depend on the conformal factor S and the spin of of the perturbation s.
E. Large N limit
To study the quasinormal frequencies in the large N limit, we use the first order WKB method, i.e., we expand the expression (39) in powers of 1/N , and, taking the first order terms, we obtain the quasinormal frequencies at large values of N as
In this case the location of the maximum of the effective potential r 0 also tends to the finite value
One can see from Eq. (41) that for large values of N , the real part of the quasinormal frequencies, ω r , is a linear monotonically increasing function of N , while the imaginary part, ω i , does not depend on that and is a linear monotonically increasing function of the overtone number n. Interestingly, both parts of the quasinormal mode frequencies do not depend on the multipole number ℓ.
VI. CONCLUSION
In the present paper we have studied scalar and electromagnetic perturbations in the family of singularity-free nonrotating black hole spacetimes found in [7, 8] . We find that scalar perturbations depend on the exact form of the scaling factor S, while electromagnetic perturbations in a sphericallysymmetric black hole spacetime are not affected by a conformal transformation of the background metric. We have thus focused our study to scalar perturbations, since electromagnetic perturbations are the same as in the Schwarzschild metric and they have been already studied by other authors.
We find that the singularity-free non-rotating black holes found in [7, 8] are stable under scalar and electromagnetic perturbations (the case of electromagnetic perturbations directly follows from the fact that it is true in the Schwarzschild spacetime). The quasinormal mode spectrum of scalar perturbations depends on the parameters L and N . If we assume that the quasinormal mode spectrum for scalar perturbations is not too different from that of gravitational waves 5 , we can argue that the detection of quasinormal modes from astrophysical black holes can constrain the parameters L and N . Note that for ℓ = 2 (which should be the dominant mode in the case of the coalescence of a binary black hole merging into a single black hole) the impact of L and N can be large and surely detectable. Our calculations cannot be directly applied to the recent observations of gravitational waves by the LIGO experiment because here we have only studied the case of nonrotating black holes. For example, from Tab. III we see that for the ℓ = 2 mode, the difference of the real part of the frequency between the cases N = 1 and N = 20 is about 20%, which is larger than the uncertainties in the measurements of the frequencies of the quasinormal mode observed by LIGO.
It is well known that in the high energy regime the wavelength is almost negligible relative to the horizon scale of the black hole. Therefore, in this regime massless scalar waves follow the null geodesics. Thus, one can consider the classical capture cross section of null geodesics to describe the absorption cross section of massless fields. It is well known from [7] that the classical capture cross section of null geodesics in the non-singular black hole spacetimes in conformal gravity does not depend on the conformal factor. Therefore, one can say that the conformal factor, i.e., parameters L and N , plays no role in the dynamics of the massless scalar waves around regular black holes in conformal gravity in the high energy regime.
